We propose the nonconforming Finite Element (FE) method based on Nitsche-type mortaring for efficiently solving the inhomogeneous wave equation, where due to the change of material properties the wavelength in the subdomains strongly differs. Therewith, we gain the flexibility to choose for each subdomain an optimal grid. The proposed method fulfills the physical conditions along the nonconforming interfaces, namely the continuity of the acoustic pressure and the normal component of the acoustic particle velocity. We apply the nonconforming grid method to the computation of transmission loss (TL) of an expansion chamber utilizing micro-perforated panels (MPPs), which are modeled by a homogenization approach via a complex fluid. The results clearly demonstrate the superiority of the nonconforming FE method over the standard FE method concerning preprocessing, mesh generation flexibility and computational time.
Introduction
In many technical applications, a device is immersed in an acoustic fluid, e.g. ultrasound transducers for nondestructive testing as well as medical diagnostic and therapy, ultrasound cleaning, electrodynamic loudspeakers, capacitive microphones (see, e.g. Ref. 18 ). Furthermore, in most cases, the discretization within the structure has to be much finer than the one we need for the acoustic wave propagation in the fluid. A very similar problem arises in computational geophysics, where layered media has to be considered and the wavelength can be quite different within the individual layers. For standard Finite Element (FE) methods, computational meshes are required to be geometrically conforming. This means that either uniform grids which result in many unknowns (c.f. Fig. 1 ) or many transition elements between the fine subdomain grids and coarse ones (c.f. it can only handle a geometrically conforming triangulation. Unfortunately, the numerical accuracy of wave propagation applications depend very sensitively on the shape regularity of the underlying mesh. Thus, a small transition zone from fine to coarse grids results in a poor numerical approximation. Therefore, in order to meet the requirements of different mesh sizes and to gain full flexibility for the discretization, we propose to use a nonconforming FE method (c.f. Fig. 3 ). The advantages of this method can be summarized as follows:
• Pre-processing is much more flexible, since grid generations in the different subdomains do not influence each other.
• The approximation order can be chosen independently for each subdomain. This permits to use higher-order elements in regions where the solution is known to be smooth, and fine discretizations using low-order elements may be used in regions where singularities in the solution occur.
• The method can be used for parallelization. If only a single physical field is involved, our method can be classified as a FE Tearing and Interconnection dual-primal (FETI-DP) method in domain decomposition terms, see, e.g. Refs. 9 and 21. Generally speaking, nonconforming methods deal with solving the transmission problem, 25 i.e. transferring a physical field from one side of the nonconforming interface to the other side. Thereby, a straightforward approach is to perform a strong point-wise coupling in the sense of nodal values using a two-field (see, e.g. Ref. 11) or three-field (see, e.g. Ref. 11) hybrid method. In the two-field method, the primary unknowns and the Lagrange multipliers (constraining the primary unknowns) along the interface between the master and the slave side are considered as field variables. In the three-field methods, a further unknown, having the properties of the primary unknown, is introduced as an additional field variable. The main drawback of these approaches is that just a suboptimal convergence behavior is achieved (see, e.g. Ref. 12) . Precisely it means that in the H 1 -norm, which measures both the error of the unknown and of the first-order spatial derivative (corresponding to the physical flux), is only of order O(h 1/2 ) with h as the discretization size. Within the context of structural mechanics, these methods of the master-slave concept have been combined with the uniform strain approach 8 to improve the convergence rate especially for the computation of the mechanical stresses. Such a method passes the patch test but still shows oscillations of the mechanical stress between a minimum and a maximum value, which does not decrease under mesh refinement. 8, 12 Therefore, further effort was necessary and resulted in the framework of Mortar FE formulations. Here, additional degrees of freedom along the nonconforming interface in form of Lagrange multipliers, now being the flux of the primary unknown, are introduced and the strong continuity of the solution across the interface is replaced by a weak one. Originally introduced for coupling of spectral and finite element methods, 6 the analysis of Mortar methods has been extended to three-dimensional (3D) problems (see, e.g. Ref. 7 ) and hp-finite elements (see, e.g. Ref. 5) . The introduction of dual Lagrange multipliers in Ref. 26 allowed us to locally eliminate the Lagrange multipliers. Still, a main challenge within Mortar methods is the quality of the intersection mesh needed to evaluate the coupling integrals, e.g. where along the common nonconforming interface Γ I N ni is the ith basis function from side n. Since the two involved basis functions are defined on different grids (slave and master side), the evaluation of the integral is not trivial, and is even more involved, when curved interfaces are present (for details see, e.g. Ref. 19) . A finite element mesh is typically created by means of an optimization strategy. The purpose of the optimization algorithm is to maximize the element quality under the given constraints. The intersection mesh is generated under the constraint of the two adjacent surface meshes. Consider the coplanar interface in Fig. 4(a) . Every vertex of either surface mesh has to be contained in the intersection grid. For slightly mismatching meshes (see magnification), this results in high aspect-ratio elements, high-lighted in Fig. 4(b) . To avoid high aspect-ratio elements, one may e.g. discard them or allow slight overlaps. These mesh irregularities may cause numerical oscillations for the Mortar method, as displayed in Fig. 5 . Here, a simple Laplace problem for the electric scalar unknown ϕ has been solved for a simple 3D domain. In addition to the Mortar FE formulations, Nitsche-type mortaring approaches have been developed, which shows an enhanced robustness for intersection grids having small overlaps or/and holes, as demonstrated in Fig. 5 . Thereby, the intersection mesh in the yz-plane is displayed (see Fig. 5 at the top) including overlaps (marked by red circles) and holes (marked by blue boxes). Although the electric field intensity should be constant all over the computational domain, the solution of the Mortar FE formulation results in inhomogeneities at the nonconforming interface (see electric field plot in Fig. 5 , center picture), which is not the case for the Nitsche-type mortaring approach (see electric field plot in Fig. 5 at the bottom). The method of Nitsche 23 was originally introduced to weakly impose essential boundary conditions. This idea has been applied in Ref. 13 in the context of nonconforming grids for the classical Laplace equation. Thereby, optimal a priori error estimates in both the energy norm and the L 2 norm for polynomials of arbitrary degree (but same at both sides) have been achieved. The robustness of this approach has been strongly improved in Ref. 14 for the cases of intersection elements with small volume fractions and large material heterogeneities. Recent contribution towards frictional sliding on embedded interfaces can be found in Ref. 15 , and towards mixed-dimensional coupling problems in Ref. 16 .
The rest of the paper is structured as follows. In Sec. 2, we derive the partial differential equation (PDE) for wave propagation in inhomogeneous media, as it is, e.g. the case in the computation of absorption properties of micro-perforated-panels (MPPs) using a complex fluid model. The FE formulation of the PDE assuming nonconforming interfaces and using Nitsche-type mortaring is discussed in Sec. 3. A convergence analysis and the investigation towards the penalty parameter as necessary for Nitsche-type mortaring is presented in Sec. 4. Finally, in Sec. 5, we describe our complex fluid model for simulating MPP configurations and apply it to the computation of transmission loss (TL) of a silencer.
PDE for Inhomogeneous Wave Propagation
We assume an isentropic case, where the total variation of the entropy is zero and the pressure is only a function of the density. Furthermore, we restrict ourself to a perfect (nonviscous) fluid. Thereby, we may write the conservation equations of fluid dynamics by 20
Here, ρ denotes the density, v the flow velocity, p the pressure, c the isentropic speed of sound and D/Dt = ∂/∂t + v · ∇ denotes the substantial derivative. In the first step, we consider the static case with mean pressure p 0 , mean density ρ 0 and set the flow velocity v 0 to zero. Therefore, (1) is fulfilled identically, while (2) results in
Furthermore, (3) is automatically satisfied by some function c 0 (independent of t) defined by means of some virtual nonstatic variations of the solution. In the next step, we consider
Floss a nonstatic solution of very small order according to a perturbation of the mean quantities
with the following relations:
Thereby, p a denotes the acoustic pressure, ρ a denotes the acoustic density and v a denotes the acoustic particle velocity. Using the perturbation ansatz (5) and substituting it into (1)- (3), results in
In the next step, we cancel second-order terms (e.g. such as ρ a v a ), due to the properties according to (6) . In addition, we consider that p 0 does not vary over space (see (4)) and arrive at
Thereby, (10) is named as the linearized conservation of mass and (11) is the linearized conservation of momentum. Please note that just in the case of constant mean density, i.e. ∇ρ 0 = 0, we are allowed to express the acoustic pressure-density relation by
However, we search for a formulation which is capable to handle computational domains with varying mean density. Now, we use (10), substitute it into (12) and obtain the final two equations for linear acoustics
∂v a ∂t
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Applying ∂/∂t to (14) , ∇· to (15) and subtracting the resulting equations provides the linear wave equation for an inhomogeneous medium (density depending on medium)
Often, the material properties of fluids are characterized by the mean compressibility K 0 and density ρ 0 . Using the relation
To explicitly show the influence of a space-dependent density ρ 0 , we apply the chain rule to the second term of (17)
and obtain
FE Formulation with Nitsche-Type Mortaring
For our derivation, we assume a global domain Ω and its decomposition into two subdomains Ω 1 , Ω 2 as displayed in Fig. 6 . Thus, in each subdomain, we solve the wave equation within the time interval t ∈ (0, T ) for the acoustic pressure p ai :
completed by appropriate initial conditions at time t = 0 and boundary conditions. In (19) , a dot over a variable denotes the derivative with respect to time, i.e.p a = ∂ 2 p a /∂t 2 . According to the physical interface conditions, we have to impose continuity for trace and flux of the acoustic pressure along the common interface Γ I , i.e.
Thereby, the continuity of the flux is obtained by (11) applying a scalar product with the normal vector n of the interface, and hence guarantees the continuity of the normal component of the acoustic particle velocity. Without any limitation and to keep the focus on the main steps of achieving a consistent nonconforming FE formulation, we set the homogeneous Dirichlet boundary condition for the acoustic pressure p a at Γ a . Now, we write down the weak formulations for both subdomains Ω 1 and Ω 2
In the next step, we add the two Eqs. (21) and (22), explore the physical interface condition according to (20) 
∂p a2 ∂n and arrive at
In (23), the operator [ ] defines the jump operator, e.g.
[w] = w 1 − w 2 . In the next step, we add to (23) the following term:
to retain symmetry. This operation is allowed, since [p a ] is forced to be zero at the interface according to the physical interface conditions (20) . In the final step, we add along the interface Γ I the term
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with β the penalty factor and averaged mean densityρ = (ρ 01 + ρ 02 )/2. In (24) , h E is a characteristic length scale of each interface element E (space discrete level). Therewith, we arrive at the following final formulation for Nitsche-type mortaring:
We now assume a discretization with nonconforming meshes at the interface Γ I as displayed in Fig. 6 . Furthermore, we perform the FE ansatz according to
to arrive at the discrete system of equations
In matrix notation, the discrete system of equations reads as
Thereby, M 1 , M 2 and K 1 , K 2 are the standard mass and stiffness matrices, respectively, and f 1 , f 2 arise from given boundary conditions. The additional matrices according to the 1850028-9
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interface compute as follows:
Here, we have already substituted Γ I by Γ I1 as well as Γ I2 , which are the discretized interfaces of Ω 1 and Ω 2 . Furthermore, the computation of the matrices in (31) and (32) involves basis functions N 1 and N 2 which are defined on different grids. Therefore, grid intersection operations are necessary. For details of performing the operations to get the intersection grid we refer to Ref. 19 . Finally, we want to note that Nitsche-type mortaring is equivalent to an Internal Penalty-Discontinuous Galerkin (IP-DG) ansatz along the nonconforming interface Γ I . By applying a Fourier transform to (30), we arrive at the FE formulation for the Helmholtz equation taking into account the nonconforming grids by using the Nitsche-type mortaring approach
In (34), ω denotes the angular frequency,p a1 ,p a2 the complex amplitudes of the acoustic pressure at the FE nodes andf 1 ,f 2 the complex right-hand side arising from boundary conditions.
Numerical Validation
We consider a computational setup as displayed in Fig. 7 and perform a harmonic analysis solving (34). Thereby, the mean density ρ 2 of subdomain Ω 2 is 16 times smaller than the mean density ρ 1 of subdomain Ω 1 , resulting in a wavelength λ 2 for Ω 2 being four times that of Ω 1 . The exciation is realized by prescribing the normal component of the particle velocity along the line shown in Fig. 7 . In addition, a homogeneous Neumann boundary condition is set along the symmetry. To approximate the free radiation, we use a perfectly matched layer (PML) technique. For details of our implementation, see Ref. 19 . For the conforming grids, we use the same discretization size for all subdomains Ω 1 , Ω 2 and Ω PML . In the case of using nonconforming grids, we always choose a discretization size in Ω 2 as well as Ω PML which is four times larger as in Ω 1 . conforming grid (discretization size h = λ 1 /40) using quadratic FE basis functions instead of linear ones. Thereby, we compare the computed acoustic pressure at the evaluation points and compute the error norm by with N EP being the number of the evaluation points (being 5 as displayed in Fig. 7) , and p a,ref,i ,p a,i being the complex values of the reference solution and the solutions obtained with the different grids, respectively. Furthermore, we compute the acoustic power P a being evaluated along the surface Γ P
with * being the complex conjugate. The error in P a is simply computed by
with P a,ref the acoustic power being computed on the finest conforming grid (discretization size h = λ 1 /40) using quadratic FE basis functions. Table 2 provides the computed errors both for the acoustic pressure as well as the acoustic power. One can observe that the error E pa in the acoustic pressure is about a factor of 2 smaller for the conforming grids as for the nonconforming grids. However, the errors for both the conforming as well as nonconforming grids show the expected reduction of the error with O(h) (order of discretization). In addition, it has to be considered that the discretization of the PML subdomain will also have some effect, which we want to include in our investigations, since in practice one chooses the same discretization in the PML subdomain as in the surrounded propagation domain. Performing a computation on the finest nonconforming grid using second-order basis functions results in E pa = 0.0275 % and E P a,i = 0.18%. In addition, we have analyzed the influence of the penalty factor β on the computational results. Thereby, β was varied between 20 and 1000 showing a negligible impact. Here, we want to note that the scaling of the penalty/stabilization term in (25) with 1/(ρ) is of importance to obtain an overall moderate penalty factor, which results in a good condition number of the algebraic system of equations to be solved. Finally, we provide the total elapsed CPU time (standard laptop with an Intel i7-4600 M, 2.90 GHz processor) for the different computations on the conforming and nonconforming grids using our in-house research software CFS++. 19 Thereby, the CPU time includes reading the input file, setting up system matrix and right-hand side, algebraic solution process, computation of post-processing data and writing the solution file. The results as shown in Table 3 strongly demonstrate the efficiency of the Nitschetype mortaring method. Finally, we compare the elapsed CPU time towards the accuracy. Studying Table 2 , we see that the accuracy of the conforming method on grid i is about the same as for the nonconforming approach on grid i + 1. Still in this case, the efficiency of the Nitsche-type mortaring is demonstrated, although the factor is reduced. For example, the elapsed CPU time for the conforming method on Grid 3 is 4.83 and the nonconforming approach on Grid 4 is 1.63 sec.
Applications
We show the applicability of the method by comparing measured and simulated TL of an expansion chamber (Figs. 9 and 10 ). The mounted loudspeaker has the same size a as the inlet channel (loudspeaker is not shown in Fig. 10 ). The damping of the acoustic energy is due to geometrically induced impedance jumps at the inlet and the outlet of the expansion chamber (dimensions a and b in Fig. 10 ). The setup has been modified to allow for an extra attachment to be flush mounted on the chamber, in which MPPs, 22 as dissipative absorbing material, can be arranged in different configurations. Additionally, the distance s of the microphone pairs and measurement channel cross-section width a have been adjusted to augment the measurable frequency range to 8 kHz (see Fig. 10 ). Absorber configurations with MPPs as displayed in Fig. 11 are a suitable application for nonconforming grids, since their thickness is very small (≈ 1 mm) compared to the surrounding air volume (dimension of the basic chamber b and attached chamber c as displayed in Fig. 10 ). Thereby, it is important to discretize the plate thickness sufficiently fine. This is due to the strongly varying speeds of sound in air and in the absorber material. Furthermore, we want to note that nonconforming grid techniques allows to mesh subdomains of the whole computational domain separately, which strongly reduces the meshing effort. Figure 13 shows a zoomed view of the computational grid used for the computation of the expansion chamber as displayed in Fig. 10 . Thereby, the mesh size within the MPP is about four times smaller than in the ambient air. MPPs are essentially thin metal plates with perforations of arbitrary shape in the submillimeter range resulting in a normal surface impedance close to that of air. The perforations' dimensions are of the same order of magnitude as the acoustical viscous boundary layer, so that impinging sound waves are attenuated while passing through the perforated plate. The attenuation can be significantly increased by placing an air volume, which is enclosed by a rigid wall, behind the MPP. Since the added reactance depends on the length of the cavity, the resulting effective surface impedance can be tuned to give an attenuation peak in a certain frequency band. The effective normalized specific surface impedance of a MPP and a backing air volume (see Fig. 12 ) computes to 1, 24 
The sound absorbing properties of the plate are modeled with an equivalent fluid where the physical micro-structure is homogenized over the volume of the material. [2] [3] [4] The attenuating viscous and thermal effects of the micro-structure are accounted for in a frequencydependent equivalent fluid density ρ eq and bulk modulus K eq . The characteristic impedance of a MPP with cylindrical perforations of circular cross-section (radius r), modeled according to the Johnson-Champoux-Allard approach, is
Here, ρ eq and K eq compute by
with Λ = Λ = r; σ = 8η 0 φr 2 , α ∞ = 1 + 2 t ,
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M. Kaltenbacher & S. Floss In (40) and (41), ρ 0 denotes the mean density of air, φ indicates the porosity, Λ denotes the viscous characteristic length, Λ is the thermal characteristic length, η 0 is the dynamic viscosity, κ is the thermal conductivity, r is the radius of the holes, γ is the isentropic exponent and c p is the specific heat of air at constant ambient pressure. The flow resistivity of the perforated plate is σ, α ∞ is called as the tortuosity and is a length correction factor that takes into account additional viscous effects due to flow distortions at the surface near the perforations and flow interactions of neighboring holes. The TL of the expansion chamber with the attached channels, the MPP and the backing air volume is computed via the transfer matrix method (TMM), see, e.g. Ref. 10 . The pressure microphone signals at positions 1 to 4 have to be measured for two different endings, denoted by A and B to allow the decomposition into forward and backward propagating sound waves in front of and behind the expansion chamber. The overall pressure in the front of p a (x = 0) and behind the expansion chamber p a (x = d) is a superposition of these forward and backward propagating waves. The TL computes by TL = 10 log 1 4 
For the simulation, it is sufficient to compute the complex pressures at three positions, because the ending is realized as a PML that efficiently damps the incoming waves with negligible reflexions. Since the JCA-model assumes circular perforation and the used MPP has slit-shaped perforations, the model parameters had to be fitted to the measurement of the absorption curve of a slitted MPP probe. This was done with a two-microphone impedance tube using the transfer function method (for details see Ref. 17) . The used MPPs have a thickness of 1.6 mm with a porosity of 0.046. The numerical computations have been performed with the in-house research software CFS++ 19 applying the described Nitsche-type mortaring method. We want to note that, in our case, an effective impedance boundary condition would be insufficient because the combination of MPP and backing air volume is incident angle-dependent. This is due to the fact that the backing air volume is not partitioned (e.g. with a honey comb layer) and therefore the local reaction assumption is not fulfilled. Figure 14 displays the overall simulated and measured TL of the expansion chamber with the MPP layer and the backing air volume. The general trend is well captured by the simulation and there is a good agreement between both curves. Furthermore, above 4 kHz one observes strong differences at some discrete frequencies, which may be associated to measurement inaccuracies, since such high TL values are not physical. These differences vanish, when an octave of 1/3 octave-filtered TL is compared, which is a standard approach in practice.
Conclusions
We have derived the Nitsche-type mortaring FE formulation for the inhomogeneous wave equation. Thereby, we can use an optimal computational grid for each subdomain having different material properties and therefore different wavelengths. Along the nonconforming interfaces, this numerical method fulfills the continuity of the acoustic pressure and the normal component of the acoustic particle velocity. To demonstrate the applicability of this approach, we have shown TL computations of an expansion chamber utilizing MPPs to achieve a broadband sound absorption.
